Abstract. The notion of preopen sets (see [9] and [14] ) play a very important role in General Topology and Fuzzy Topology. Preopen sets are also called nearly open and locally dense (see [4] ). The purpose of this paper is to give some applications of fuzzy points in fuzzy topological spaces. Moreover, in section 2 we offer some properties of fuzzy preclosed sets through the contribution of fuzzy points and we introduce new separation axioms in fuzzy topological spaces. Also using the notions of weak and strong fuzzy points, we investigate some properties related to the preclosure of such points, and also their impact on separation axioms. In section 3, using the notion of fuzzy points, we introduce and study the notions of fuzzy pre-upper limit, fuzzy prelower limit and fuzzy pre-limit. Finally in section 4, we introduce the fuzzy pre-continuous convergence on the set of fuzzy pre-continuous functions and give a characterization of the fuzzy pre-continuous convergence through the assistance of fuzzy pre-upper limit.
Introduction.
Throughout this paper, the symbol I will denote the unit interval [0, 1] . In 1965, Zadeh (see [18] ) introduced the fundamental notion of fuzzy set by which fuzzy mathematics emerged. Let X be a nonempty set. A fuzzy set in X is a function with domain X and values in I, i.e. an element of I X . A member A of I X is contained in a member B of I X , denoted by A ≤ B, if A(x) ≤ B(x) for every x ∈ X (see [18] ).
Let A, B ∈ I X . We define the following fuzzy sets (see [18] ):
(1) A ∧ B ∈ I X by (A ∧ B)(x) = min{A(x), B(x)} for every x ∈ X. (2) A ∨ B ∈ I X by (A ∨ B)(x) = max{A(x), B(x)} for every x ∈ X. (3) A c ∈ I X by A c (x) = 1 − A(x) for every x ∈ X.
(4) Let f : X → Y , A ∈ I X and B ∈ I Y . Then f (A) is a fuzzy set in Y such that f (A)(y) = sup{A(x) : x ∈ f −1 (y)}, if f −1 (y) = ∅ and f (A)(y) = 0, if f −1 (y) = ∅. Also, f −1 (B) is a fuzzy set in X, defined by f −1 (B)(x) = B(f (x)), x ∈ X.
The first definition of a fuzzy topological space is due to Chang (see [3] ). According to Chang, a fuzzy topological space is a pair (X, τ ), where X is a set and τ is a fuzzy topology on it, i.e. a family of fuzzy sets (τ ⊆ I X ) satisfying the following three axioms:
(1)0,1 ∈ τ . By0 and1 we denote the characteristic functions X ∅ and X X , respectively. (2) If A, B ∈ τ , then A ∧ B ∈ τ . (3) If {A j : j ∈ J} ⊆ τ , then ∨{A j : j ∈ J} ∈ τ .
By using the notion of fuzzy set, Wong (see [15] ) was able to introduce and investigate the notions of fuzzy points. In this paper we adopted Pu's definition of a fuzzy point. A fuzzy set in a set X is called a fuzzy point if it takes the value 0 for all y ∈ X except one, say, x ∈ X. If its value at x is λ (0 < λ ≤ 1) we denote the fuzzy point by p The fuzzy point p λ x is said to be contained in a fuzzy set A or to belong to A, denoted by p λ x ∈ A, if λ ≤ A(x). Evidently, every fuzzy set A can be expressed as the union of all the fuzzy points which belongs to A (see [10] ).
A fuzzy point p λ x is said to be quasi-coincident with A denoted by p λ x qA if and only if λ > A c (x) or λ + A(x) > 1 (see [10] ). A fuzzy set A is said to be quasi-coincident with B, denoted AqB, if and only if there exists x ∈ X such that A(x) > B c (x) or A(x) + B(x) > 1 (see [10] ). If A does not quasi-coincident with B, then we write A q B.
Let f be a function from X to Y . Then (see for example [1] , [2] , [3] , [8] , [11] , [12] , [13] , [16] , and [17] ):
(
, for any fuzzy set A in X. (4) Let p be a fuzzy point of X, A be a fuzzy set in X and B be a fuzzy set in Y . Then, we have:
(5) Let A and B be fuzzy sets in X and Y , respectively and p be a fuzzy point in X. Then we have:
Let Λ be a directed set and X be an ordinary set. The function S : Λ → X is called a fuzzy net in X. For every λ ∈ Λ, S(λ) is often denoted by s λ and hence a net S is often denoted by {s λ , λ ∈ Λ} (see [10] ).
Let {A n , n ∈ N } be a net of fuzzy sets in a fuzzy topological space X. Then by F − lim N (A n ), we denote the fuzzy upper limit of the net {A n , n ∈ N } in I X , that is, the fuzzy set which is the union of all fuzzy points p λ x in X such that for every n 0 ∈ N and for every fuzzy open Q−neighborhood U of p λ x in X there exists an element n ∈ N for which n ≥ n 0 and A n qU . In other cases we set F − lim
For the notions of fuzzy upper limit and fuzzy lower limit see [6] .
Recall that a fuzzy subset A of a fuzzy topological space X is called fuzzy preopen (see [5] and [14] ) if A ≤ Int(Cl(A)), where Int and Cl denoted the interior and closure operators. A is called fuzzy preclosed if Cl(Int(A)) ≤ A. We denote the family of all fuzzy preopen (respectively, fuzzy preclosed) sets of X by F P O(X) (respectively, F P C(X)). Also the intersection of all fuzzy preclosed sets containing A is called fuzzy preclosure of A, denoted by pCl(A), that is pCl(A) = inf{K : A ≤ K, K ∈ F P C(X)}. Similar the fuzzy preinterior of A, denoted by pInt(A), is defined as follows:
Let A be a fuzzy preopen (respectively, preclosed) set of a fuzzy space X. Then, by Theorem 3.7 of [14] , pInt(A) = A (respectively, pCl(A) = A). Also, by Theorem 3.6 of [14] , we have pCl(
. Thus, the fuzzy set A c is fuzzy preclosed (respectively, preopen). Proposition 2.6. Let A be a fuzzy set of a fuzzy space X. Then
x ∈ F , for every fuzzy preclosed set F of X for which A ≤ F and therefore p λ x ∈ pCl(A). Example 2.7. Let (X, τ ) be a fuzzy space such that X = {x, y} and τ = {0,1, p
The family of all fuzzy preclosed sets of X contains the following fuzzy sets A of X:
Also, the family of all fuzzy preopen sets of X are the following fuzzy sets U of X:
We consider the fuzzy set B ∈ I X such that B = p 2 3
x . By the above we have:
where (p
Also, we have1 − pCl(B) = p Proof. ⇒) Let λ = 0. We set A =1. Then A is fuzzy preopen set such that A(x) = 1 − 0 and A(y) = 1 for y = x. Now, let λ ∈ (0, 1] and x ∈ X. We set
c . The set A is fuzzy preopen such that A(x) = 1 − λ and A(y) = 1 for y = x. ⇐) Let p λ x be an arbitrary fuzzy point of X. We prove that the fuzzy point p x is not fuzzy preclosed. Indeed, we have:
x . Thus the fuzzy space X is not pre-T 1 . Also, it is clear that the fuzzy space X is pre-T 0 .
Example 2.14. Let (X, τ ) be a fuzzy space such that X = {x, y} and τ = {0,1}.
We observe that every fuzzy point p λ x is fuzzy preclosed. Indeed, we have
Thus the fuzzy space X is pre-T 1 and therefore is pre-T 0 . Also, it is clear that the fuzzy space X is pre-Hausdorff.
It is not difficult to see that the fuzzy space X is not T 0 , T 1 and Hausdorff. For the definitions of T 0 , T 1 and Hausdorff fuzzy spaces see [10] . Definition 2.15. A fuzzy space X is called a pre-regular space if for any fuzzy point p λ x and a fuzzy preclosed set F not containing p λ x , there exist U, V ∈ F P O(X) such that p λ x ∈ U , F ≤ V and U ∧ V =0. Example 2.16. Let (X, τ ) be a fuzzy space such that X = {x, y} and τ = {0,1}.
The fuzzy space X is pre-Hausdorff but it is not pre-regular. We prove only that the fuzzy space X is not pre-regular. We consider the fuzzy point p 1 3 x and the fuzzy set A of X such that A(x) = Thus the fuzzy set A is fuzzy preclosed. Also, we have p 1 3 x ∈ A. If U and V are two arbitrary fuzzy preopen sets such that p 1 3 x ∈ U and A ≤ V , then (U ∧ V )(x) ≥ c is fuzzy preopen. Thus
By assumption we have p
We prove that this is a contradiction. Indeed, we have
c (y), for every y ∈ X \ {x}. So U ≤ (p 
Observe that every pre-regular fuzzy space is weakly pre-regular. Definition 2.26. Let X be a fuzzy space. A fuzzy set U in X is said to be fuzzy pre-nearly crisp if pCl(U ) ∧ (pCl(U )) c =0.
Proposition 2.27. Let X be a fuzzy space. If for any weak fuzzy point p λ x and any U ∈ F P O(X) containing p λ x , there exists a fuzzy preopen and pre-nearly crisp fuzzy set W containing p λ x such that pCl(W ) ≤ U , then X is fuzzy weakly pre-regular.
Proof. Assume that F is a fuzzy preclosed set not containing the weak fuzzy point p λ x . Then F c is a fuzzy preopen set containing p λ x . By hypothesis, there exists a fuzzy preopen and pre-nearly crisp fuzzy set W such that p λ x ∈ W and pCl(W ) ≤ F c . We set N = pInt(pCl(W )) and M = 1 − pCl(W ). Then N is fuzzy preopen, p λ x ∈ N and F ≤ M . We are going to prove that M ∧ N =0. Now assume that there exists y ∈ X such that (N ∧ M )(y) = µ =0. Then p c . This is a contradiction since W is pre-nearly crisp. Thus the fuzzy space X is weakly pre-regular. 3. Fuzzy pre-convergence and fuzzy points Definition 3.1. Let {A n , n ∈ N } be a net of fuzzy sets in a fuzzy space X. Then by F − pre − lim N (A n ), we denote the fuzzy pre-upper limit of the net {A n , n ∈ N } in I X , that is, the fuzzy set which is the union of all fuzzy points p λ x in X such that for every n 0 ∈ N and for every fuzzy preopen Q−preneighborhood U of p λ x in X there exists an element n ∈ N for which n ≥ n 0 and A n qU . In other cases we set F − pre − lim N (A n ) = 0. Example 3.2. Let (X, τ ) be a fuzzy space such that X = {x, y} and τ = {0,1, p 1 2
x }. Also let {A n , n ∈ N } be a net of fuzzy sets of X such that A n (X) = {0.5} for every n ∈ N .
The fuzzy point p x there exists an element n ∈ N for which n ≥ n 0 and A n qU .
The fuzzy point p 1 2
Indeed, for every n 0 ∈ N and for the fuzzy preopen Q-pre-neighborhood U = p 2 3
x of p 1 2
x does not exist any element n ∈ N such that n ≥ n 0 and A n qU .
By the above we have
Definition 3.3. Let {A n , n ∈ N } be a net of fuzzy sets in a fuzzy space X.
we denote the fuzzy pre-lower limit of the net {A n , n ∈ N } in I X , that is, the fuzzy set which is the union of all fuzzy points p λ x in X such that for every fuzzy preopen Q−pre-neighborhood U of p λ x in X there exists an element n 0 ∈ N such that A n qU , for every n ∈ N , n ≥ n 0 . In other cases we set
Definition 3.4. A net {A n , n ∈ N } of fuzzy sets in a fuzzy topological space X is said to be fuzzy pre-convergent to the fuzzy set
Proposition 3.5. Let {A n , n ∈ N } and {B n , n ∈ N } be two nets of fuzzy sets in X. Then the following statements are true:
(1) The fuzzy pre-upper limit is preclosed.
(4) The fuzzy upper limit is not affected by changing a finite number of the
Proof. We prove only the statements (1)-(5).
(1) It is sufficient to prove that
) and let U be an arbitrary fuzzy preopen Q−pre-neighborhood of p r y . Then, we have:
Hence, there exists an element x ′ ∈ X such that
Thus, for every element n 0 ∈ N there exists n ≥ n 0 , n ∈ N such that A n qU . This means that p
(2) Clearly, it is sufficient to prove that for every fuzzy preopen set U the condition U qA n is equivalent to U qpCl(A n ).
Let U qA n . Then there exists an element x ∈ X such that U (y) + A n (x) > 1. Since A n ≤ pCl(A n ) we have U (x)+pCl(A n )(x) > 1 and therefore U qpCl(A n ).
Conversely, let U qpCl(A n ). Then there exists an element x ∈ X such that Then for every n 0 ∈ N there exists n ∈ N , n ≥ n 0 such that A n qU and therefore ∨{A n : n ∈ N }qU . Thus, p r x ∈ pCl(∨{A n : n ∈ N }). Proposition 3.6. Let {A n , n ∈ N } and {B n , n ∈ N } be two nets of fuzzy sets in Y . Then the following statements are true:
(1) The fuzzy pre-lower limit is preclosed.
The fuzzy upper limit is not affected by changing a finite number of the
Proof. The proof is similar to the proof of Proposition 3.5.
Proposition 3.7. For the fuzzy upper and lower limit we have the relation
Proof. It is a consequence of definitions of fuzzy pre-upper and fuzzy pre-lower limits.
Proposition 3.8. Let {A n , n ∈ N } and {B n , n ∈ N } be two nets of fuzzy sets in a fuzzy space Y . Then the following propositions are true (in the following properties the nets {A n , n ∈ N } and {B n , n ∈ N } are supposed to be fuzzy pre-convergent):
Proof. The proof of this proposition follows by Propositions 3.5 and 3.6. Let V be an arbitrary fuzzy preopen Q−pre-neighborhood V of i(p 0.8
The family of all fuzzy preopen sets of (Y, τ 2 ) are the following fuzzy sets V of Y : A fuzzy net S = {s λ , λ ∈ Λ} in a fuzzy space (X, τ ) is said to be p-convergent to a fuzzy point e in X relative to τ and write p lim s λ = e if for every fuzzy preopen Q-pre-neighborhood U of e and for every λ ∈ Λ there exists m ∈ Λ such that U qs m and m ≥ λ.
Proposition 4.4.
A function f from a fuzzy space X into a fuzzy space Y is fuzzy pre-continuous if and only if for every fuzzy net S = {s λ , λ ∈ Λ}, S pconverges to p, then f • S = {f (s λ ), λ ∈ Λ} is a fuzzy net in Y and p-converges to f (p).
Proof. It is obvious. Conversely, let {p λ , λ ∈ Λ} be a fuzzy net in F P C(Y, Z) which p-converges to the fuzzy point p in Y and let V be an arbitrary fuzzy preopen Q−preneighborhood of f (p) in Z. By assumption there exist a fuzzy preopen Q−preneighborhood U of p in Y and an element µ 0 ∈ M such that f µ (U ) ≤ V , for every µ ≥ µ 0 , µ ∈ M . Since the fuzzy net {p λ , λ ∈ Λ} p-converges to p in Y . There exists λ 0 ∈ Λ such that p λ qU , for every λ ∈ Λ, λ ≥ λ 0 . Let (λ 0 , µ 0 ) ∈ Λ × M . Then for every (λ, µ) ∈ Λ × M , (λ, µ) ≥ (λ 0 , µ 0 ) we have f µ (p λ ) q f µ (U ) ≤ V , that is f µ (p λ ) q V . Thus the net {f µ (p λ ), (λ, µ) ∈ Λ × M } p-converges to f (p) and the net {f µ , µ ∈ M } fuzzy pre-continuously converges to f . Proposition 4.8. A net {f λ , λ ∈ Λ} in F P C(Y, Z) fuzzy pre-continuously converges to f ∈ F P C(Y, Z) if and only if
for every fuzzy preclosed subset K of Z.
Proof. Let {f λ , λ ∈ Λ} be a net in F P C(Y, Z), which fuzzy pre-continuously converges to f and let K be an arbitrary fuzzy preclosed subset of Z. Let p ∈F − pre − lim
λ (K)) and W be an arbitrary fuzzy preopen Q−pre-neighborhood of f (p) in Z. Since the net {f λ , λ ∈ Λ} fuzzy pre-continuously converges to f , there exist a fuzzy preopen Q−pre-neighborhood V of p in Y and an element λ 0 ∈ Λ such that f λ (V ) ≤ W , for every λ ∈ Λ, λ ≥ λ 0 . On the other hand, there exists an element λ ≥ λ 0 such that V qf −1 λ (K). Hence, f λ (V )qK and therefore W qK. This means that f (p) ∈ pCl(K) = K. Thus, p ∈ f −1 (K). Conversely, let {f λ , λ ∈ Λ} be a net in F P C(Y, Z) and f ∈ F P C(Y, Z) such that the relation (1) holds for every fuzzy preclosed subset K of Z. We prove that the net {f λ , λ ∈ Λ} fuzzy continuously converges to f . Let p be a fuzzy point of Y and W be a fuzzy preopen Q−pre-neighborhood of f (p) in Z. Since p ∈ f −1 (K), where K = W c we have p ∈ F − pre − lim λ (W ). Therefore, f λ (V ) ≤ W , for every λ ∈ Λ, λ ≥ λ 0 , that is the net {f λ , λ ∈ Λ} fuzzy pre-continuously converges to f . Proposition 4.9. The following statements are true:
(1) If {f λ , λ ∈ Λ} is a net in F P C(Y, Z) such that f λ = f , for every λ ∈ Λ, then the {f λ , λ ∈ Λ} fuzzy pre-continuously converges to f ∈ F P C(Y, Z). (2) If {f λ , λ ∈ Λ} is a net in F P C(Y, Z), which fuzzy pre-continuously converges to f ∈ F P C(Y, Z) and {g µ , µ ∈ M } is a subnet of {f λ , λ ∈ Λ}, then the net {g µ , µ ∈ M } fuzzy pre-continuously converges to f .
